Chapter 3

Exercise 3A

1. The calculator display given shows the 1st quad-
rant solution. There will also be a 2nd quadrant
solution at x = 180 — 14.47751219 giving two so-
lutions: x ~ 14.5° and x =~ 165.5°

2. sinx = :I:% which has solutions in all four quad-

. _ T _ o 51 _ i
rants: v = g, x = —T+ 5 = —%, T = —5,
r=m-g=

™ s

3. 2z =— Qr =71 — —
x 6 or =T 6
_ T _57T
YT =%
5m
r=—
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i ™
2¢ =2 - 2 3T — —
or x 7r+6 or x us 6
7137r 17w
=% c
137 17w
= — r= —
12 12

4. sin?z + cos? z = 1 so this question simplifies to

sinz = 1 with solution z = 7.

5. Use the null factor law:

2sinx —1=0 or cosz =0
2sinx =1 x:z
2
. 1 3T
sinz = — orxr = —
2 2
T
r=—
6
T
orc=m—
6
_57T
6

6. First factorise:

sina + 2sin?2 = 0
sinz(l 4+ 2sinz) =0

Now use the null factor law:

sine =0 or 1+2sinx=0
rx=0 2sinx = —1
1
or x = 180° sinx:—§
or x = 360° x =180+ 30
= 210°
or x = 360 — 30
= 330°

7. Use the null factor law:

2cosx+1=0 5sinz —1=0
2cosxr = —1 Hsinx =1

1 .
cosx=—§ smx:g

The first factor will have solutions in the second
and third quadrant; the second will have solu-
tions in the first and second quadrants.

x = 180 — 60 r =11.5°
=120°
or x = 180 4 60 orx=180—11.5
= 240° = 168.5°

8. First use the pythagorean identity to replace

cos? x with sin® z:

Now use the null factor law:

sinx =0 or

. 1
orxr —=-—m SINTY — ——
V2
T
orr=rm xr = —
4
s
orr=m— —
4
3T
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9. 8sin?z 4+ 4cos’x =7 Null factor law:
4sinx + (4sin®x + 4dcos’x) =7
4sin® z + 4(sin* ¢ + cos®> ) =7 sing =0 V3+2sinz =0
dsinz+4=7 z=0 2sinz = —V/3
-2 _ 3
dsinz =3 orxr=m sinx:—g
3
.2 _ 2
sma?—4 or xr =2m LU:TF—Fg
3
sinx:i£ — 4i
T 2 3
T
r=— — 97— —
3 ] or x T 3
orxr=m— — 5w
3 el
_ 2w
3
T
orx:w—l—g 12. 5—4cosx = 4sin’x
_Ar 5—4cosx = 4(1 — cos® x)
3 . 5—4cosx =4—4cos’x
0”322”_5 1—4cosz = —4cos®z
:5i deos’z —4dcosz+1=0
3 2
(2cosz—1)"=0
2cosx—1=0
10. Rearrange and factorise: 2cosz = 1
tan®z + tanz = 2 COS$:§
tan?z + tanz — 2 =0 x = £60°
(tanz + 2)(tanxz — 1) =0
13. 3=2cos’z +3sinz
3=2(1—sin’z) + 3sina
Null factor law: 3 = 2—281H2.’L‘+3Sin1‘
2sin®z — 3sinz+1 =0
tanz +2 =0 tanz —1=0 (sinz —1)(2sinz — 1) =0
tanx = —2 tanx =1
The first factor has solutions in the 2nd and 4th sinz —1=0 2sinz —1=0
quadrants. The second factor has solutions in the sinz = 1 2¢ing = 1
1st and 3rd quadrants. - 1
xr = 5 sinx = 3
x =180 — 63.4 = 45° orx:27r+g x:%
=116.6° 5w B ™
or x = —63.4 x = —180 + 45 79 rT=TTG
= —135° _or
6
T
:2 —_
or x T+ 6
11. V3sinz — 2cos?z +2 =0 :Bi
6
V3sinz — 2(1 —sin®z) +2 =0 g T
orr =31 — —
\/gsina:—2—|—25in2m+2:0 17 6
T
V3sinz + 2sin?z =0 :?
sinx(\/§+251nx) =0
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14. (sinx)(2 +sinz) + cos’z =0

2sinx + sin?z + cos®x = 0

2sinx+1=0
2sinx = —1
. 1
sine = ——
2
Jr7r
r=m+ —
6
T
6
orx:27r—ﬁ
6
_117r
6

15. 2cosx — \/gcosmsinx =0
cosz(2 — V3sinz =0

cosz =0 2—/3sinz =0
T = —g V3sinz = 2
or r = g sinx = %
(no real solution)
16. (sinz)(1 —sinz) = —cos® =
(sinz)(1 —sinz) = —(1 — sin? z)
(sinz)(1 —sinz) = —1 +sin’
sinz —sin®z = —1 +sin’z

2sin’z —sinz —1=0
(2sinz + 1)(sinx —1) =0

2sinx+1=0 sinx —1=0
2sinx = —1 sinrx =1
. 1 s
sinz = —— = =
2 2
+7T
rT=7+ —
6
_77T
6

17. sinzxtanx = 2 — cosx

sinx =2 —cosx
CcoS ¥
. 2
sin“ x
=2—cosx
Ccos T
sin? z = cos z(2 — cos z)

sin’x = 2cosx — cos? z
2 2

1—cos“z =2cosx —cos“x
1=2cosz
1
cosSx = —
2
T
==
3
s
orex =——
3
oro::27rfﬁ
3
51 9 Jr7r
= —orx = 2T+ =
3 3
_ —hm
3
18. L.H.S.:
2c0s?0 +3 =2(1—sin’6) + 3
=2—2sin’0+3
=5—2sin%0
= R.H.S.
19. L.H.S.:

sin® — cos? 0 = sinf — (1 — sin? )
=sinf — 1 +sin?6
=sinf +sin® 6 — 1
= (sinf)(1 +sinf) — 1
=R.H.S.

20. L.H.S.:

(sin @ + cos 8)% = sin? @ + 2sin @ cos A + cos? 0
= 2sin 6 cosd + sin? 6 + cos> 0
=2sinfcosf +1
= R.H.S.

21. R.H.S.:

(sin® — cos #)% = sin? @ — 2sin @ cos f + cos? @
=sin? @ + cos® # — 2sinf cos §
=1-—2sinfcosd
= L.H.S.
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22. L.H.S.:
sin® § — cos? 6 = (sin? 6 4 cos? ) (sin? @ — cos® )
(difference of perfect squares)
= 1(sin® f — cos?h)
= (1 —cos®f) — cos? 0

=1-—2cos%0
= R.H.S.

23. L.H.S.
sin® @ — sin? 6 = sin” A(sin® 6 — 1)
= (1 — cos? §)(— cos? )
= —cos® 0 + cos* 0
= cos* 0 — cos® 0
= R.H.S.

24. L.H.S.:

sin? ftan? @ = (1 — cos® §) tan? @

= tan’ 0 — cos® ftan? 0

25. L.H.S.:

(1+sinf)(1 —sinf) = 1 —sin® 6
= cos® 0
=1+4cos?0—1
=1+ (cos@ + 1)(cosf — 1)
=R.H.S.

0
26. L.H.S.:

0
sin@tan9+cos9:sin0&+c080
cos 0
.2
0
_ o + cos 6
cosf

1 —cos?6
= ———— +cosf
cosf

1 cos? 6 n p
= — Cos
cosf cosf

1
= —cosf + cosf
cos

1

cos
= R.H.S.

27. L.H.S.:
1 1
1+tan%4 14 sin26

cos? 0
1
cos? 6 sin? @
cos? 0 + cos? 0

1

cos? f+sin? 0
cos? 0

cos? 6
cos2 0 + sin? 6
cos? 6

1
= cos? 6
= R.H.S.

28. R.H.S.:

1+cosf 1+cos 1+ cost

1—cosf® 1—cosf 1+ cosb
14 2cosf + cos? 8

1 —cos26
cos? @ +2cosf + 1
sin” §
=L.H.S.

29. L.H.S.:

sin 6 cosf  sind o 1+cos€_c050
1—cosf) 14cosf siné
sinf(1 + cosf) cosf
1—cos20  sind
sinf(1 + cosf) cosf
sin? 0  sind
1+cosf cosf
sinf  sind
1+ cos —cosf
sin @

1—cosf sind

1
sin 0
=R.H.S.
O

30. L.H.S.:

1 —sinfcosf —cos’@  1—sinfcosf — (1 —sin’0)

sin? @ +sinfcos@ —1 (1 —cos2) +sinfcosf — 1
1—sinfcosh — 1+ sin? 0
1—cos?60+sinfcosf — 1
—sinf cos + sin? 0
—cos? 6 + sinf cos 6
sin 0(— cos 6 + sin 0)
cos 0(— cos? 0 + sin 9)
sin

cos 0
= tan@

= R.H.S.
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Exercise 3B

1. Compare this with identity @ on page 57 of 7. sin75° = sin(45° + 30°)
Sadler. Substitute A = 22 and B = a: = sin45° cos 30° + cos 45° sin 30°
sin 2z cos x + cos 2x sin x = sin(2z + x) :Lxﬁ—kixl
= sin 3z V2 2 V22
V3 1
e
2. Compare this with identity @ on page 56 of 2v2 22
Sadler. Substitute A = 3x and B = x: V341
22
cos 3z cos x + sin 3z sinx = cos(3x — ) V2
— cos 2 Compare this with the answer for question 5.
N We could have arrived at this more simply using
the identity sin(90° — A) = cos(A) substituting
3. Compare this with identity ® on page 57 of A= 15°
Sadler. Substitute A = 5z and B = z:
sin 5z cos x — cos bx sinx = sin(bx — ) 8. cos75° = cos(45” +30°)
. = cos 45° cos 30° — sin 45° sin 30°
=sindx
_Lov3 o1l
4. Compare this with identity @ on page 56 of V2 2 V2 2
Sadler. Substitute A = 7x and B = x: B V3 1
2v2 242
cos 7Tz cos x — sin Tx sinz = cos(7x + ) V2 V2
8 v3-1
= €T = —
cos Ve
5. cos15° = cos(45° — 30°) 9. tan75° = tan(45° + 30°)
= c0s 45° cos 30° + sin 45° sin 30° tan 45° + tan 30°
1 V3 o1 1 " 1— tan45° tan 30°
~ B 2t R e 14 1
V2 V2 I+
3 1 11— 1
V31 1-1x L
2V2  2V2 Vi
V3+1 SRV B
S V3 _ L
2v/2 V3 3
V341
6. tan15° = tan(45° — 30°) _ v, V3
o __ o B V3-1
_ tan45° — tan 30 Ve 3
1 —i— tan145 tan 30 - V341
I+ 1x 5 V3l V341
V3 _ 1 _
Vs V3ol Vil
TV, L _3+2V3+1
V3 3 - 31
V3—1
3 o @ 4423
3
=243
Vi
V3+1 10. 2sin(f + 45°) = 2(sin 6 cos 45° + cos 0 sin 45°)
_ V3ol V-l 1 1
o _ =2(—=sinf + —cosf
3+l V3-1 (50 J59)
3 — 2\/§ +1 2 )
- 3_1 :ﬁsinﬁJrﬁcosﬁ
:% =/2sin60 +v2cosb
=243 a=b=+2
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11. 8cos (9 - E) =8 (cost?cosz + sin # sin I) (a) sin(A+B)=sinAcosB + cos AsinB
3 3 3 4
s IR Bt
1 =
=8| -cosf + —sind 5 13 5 13
2 2 20 36
=4cosf + 4V/3sinb (552 65
= 4/3sinf + 4cos b ~ 6
c=4v3,d=4 (b) cos(A —B) =cosAcosB+sinAsinB
. . 3 5 4 12
12. 4 cos(6 + 30°) = 4(cos 0 cos 30° — sin 0 sin 30°) =x 4 x=

5 13 5 13
15 48
4<\g§cost9;sin0> =— 4+ —

65 65
63
= 2v/3cosf — 2sinf =65
e=2V3, f=-2
A B 15. Pythagoras (see question 14 above) gives us
tan A + tan _ 24 _ 4
13. tan(A+ B) = cosD = 52 and cosE = .
an(4 + B) 1 —tan Atan B . °
B 5V3 — @ (a) sin(D —E) =sinDcosE — cosDsinE
1-5v3x —¥3 _ T 223
1 2575 2575
- V- d) _xn
1+5x3 125 125
19v/3 44
4 - =
= 125
1+
19v3 (b) cos(D+E) =cosDcosE —sinDsinE
= ﬁ 1 47 3
. 2oL ?
25 5 25 5
=V3 _ 962
tan(A + B) is positive, so A + B is in quadrant 125 125
3:A+B:7r+%:4§. :E
125
14. To proceed, we need to know cos A and sin B. _ §
Given that we are working with acute angles, 5
cosA = \/1—sin? A. (If the angle was not
known to be acute we’d have to also consider 16. To prove: sin (fE + %) =coszT
cos A = 1-— st ) This gives us

Proof:

LHS.: s ( +7T) i T4 inZ
_ _ _ (=2 H.S.: sin(xz+ =) =sinzcos — + coszsin —
cosA=4/1 sin B = 13 5 B) B

=sinz X 0+cosx x 1

5 13 = COSX

=R.H.S
Another way of looking at this is to think about

the given values in the context of a right angle

O
triangle. sin A = % so think of a triangle with
hypotenuse of 5 units and opposite of 4 units. ) )
Pythagoras’ theorem gives us 3 for the other side 17. (a) To prove: sin(w + 27) = sinz
resulting in cosA = % and tan A = %. Simi- Proof:
larly, given cosB = 1%, think of a triangle with
hypotenuse of 13 and adjacent of 5; Pythago- L.H.S. = sin(x + 2m)
ras gives us 12 as the remaining side and hence — sin  cos 27 + cos  sin 27
sinB = Q and tanB = 5 .
=sinx X 1 4cosz x 0
13 =sinx
5 J 4 B B =R.H.S
A 3 12 O
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(b) To prove: sin(x — 27) = sinx [ 0 ][ sinf [ cosf | tan¥ |
Proof: A % _% _1%
L.H.S. = sin(z — 2r) Bl 5 | -5 | -1

sin x cos 2w — cos x sin 27

. (a) sin(A+B)=sinAcosB + cos AsinB
sinz X 1 —cosz X0

. 5 4 12 3
o “13" (5) * <13> 5
=R.H.S B _@ B %

O 65 65
56

18. To prove: cos(z + 27) = cosx =z

65
Proof: (b) cos(A —B) = cos A cosB + sin AsinB
L.H.S. = cos(z + 27) _ (_12) V (_4) + 5 x 3
= CcOoS T Ccos 27 — sin z sin 27 13 5 135
=cosz X 1+sinx x0 :g L5
B 65 ' 65
= cosx 63
=R.H.S =65
0 tan A + tan B
A+B)=—————
(c) tan(A +B) 1—tanAtanB
19. To prove: tan(z + 7) = tanz 5 3
— 12 4
Proof: T 1 (_i) _§)
12 1
tanz 4+ tanm —5-9

LHS.: tan(zx+7) =

1 —tanztanm =

1—- 232
_ tanz +0 L 16
~ 1—tanx x 0 _ 12
=1
_ tanz 16
1 716
=tanx T 6 X 11
=R.H.S _ 96
33
O
22. To prove: sin(A + B) —sin(A —B) = 2cos Asin B
20. To prove: tan(—z) = —tanz
Proof:
Proof:
LH.S.: tan(—z)=tan(0 — z) L.H.S. = sin(A + B) —sin(A — B)
tan0 — tan ¢ = sinAcosB 4+ cosAsinB
" I+tanOtanz —(sin A cos B — cos A sin B)
__ —tamnw = sinAcosB + cos AsinB
1_—;?1; tan —sin A cos B + cos Asin B
T =2cosAsinB
= —tanx =R.H.S
=R.H.S
O
O

23. To prove: cos(A—B)+cos(A+B) = 2cos A cosB
21. Given that they are obtuse angles, A and B fall

into the 2nd quadrant so their sines are positive Proof:
and cosines and tangents negative. Use Pythago- )
ras to find the necessary ratios from those given L.H.S. = cos(A — B) +sin(A + B)
using the triangle approach outlined in question = cosAcosB +sin AsinB
14 above: +cos AcosB —sin Asin B

13 = 2cosAcosB

o 5.7, — R.H.S
A B
12 4 O
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24. To prove: 2cos (z — %) = sinz + V3 cosx

Proof:

L.H.S. = 2cos (x — %)

s . .o
=2 (cosxcos — + sin z sin 7>
6 6

1
=2 (?cosx—&— 2sina:)

=+ 3cosx +sinx
=sinz + \/gcosx
= R.H.S

25. To prove: tan (6 + §) = if:iﬁz
Proof:
™
LJLS.:tan(9+-Z)
B tan 6 + tan 7
~ 1—tanftan %
~ tanf+1
T 1—tanf x 1
_ 1+tan6
" 1—tan6
=R.H.S
. cos(A+B) _ 1—tanAtanB
26. To prove: cos(A—B) 1+t:EAtZEB
Proof:
cos(A+ B
Lis — ©A+B)
cos(A — B)
_ cosAcosB —sinAsinB
"~ cosAcosB+sinAsinB
cos A cos B—sin Asin B
_ cos A cos B
~ cos A cos B+sin A sin B
cos A cos B
sin Asin B
_ 1 - cos A cos B
- sin A sin B
1+ sosAZOSB
+ A * B
1o sndcenb
T+ sk x &l
11— tan A tan B
" 1+tanAtanB
=R.H.S
27. To prove:

V2(sinz — cos z) sin(x + 45°) = 1 — 2cos?

Proof:

L.H.S. = V2(sinz — cos z) sin(z 4 45°)
= V/2(sinx — cos ) ( sin x cos 45°
+ cosx sin45°)

1 1
= V2(sinz — cosx <—sin;r—|——cosx>

= (sinz — cosz)(sinx + cos x)
=sin®z — cos’x

= (1 —cos?z) — cos’
=1-2cos’x

=R.H.S

28. To prove: tan (9 + %) = 1f2sinfcosf

29.

30.

1—2sin2 0

Proof:
L.H.S.

T
tan (9 7)
* 4
tan 6 + tan 7§
1 — tan 6 tan 74
tand + 1
1—tanf x 1
in 0
(S:or;(i + 1
ing
L= o5t
sin 0+cos 6
cos 6

cos 0—sin 6
cos 6

sin @ + cos 6
cosf — sin 6
sinf + cosf  sinf + cosf
cosf) —sinf  cosf + sinf
sin® 0 + 2sin @ cos § + cos? 0
cos2 6 — sin® 6
sin? 6 + cos? 0 + 2sin 6 cos 0
1—sin?6 —sin? 6
1+ 2sinfcosf
1—2sin?0
=R.H.S

]

sinz cos § 4 cosxsin § = sin(z 4 §) so the equa-
tion to solve becomes

in(z + TI') 1
sin(fx + =) = —
6" V2
This has solutions with x + % in the 1st and 2nd
quadrant.

+7T77T +’/T7 iy
T T T T T
77'(' Vi - Vi i
T4 % TTTTYT G
s Ve
T=— T=-—
12 12

cos x cos 20° + sin x sin 20° = cos(z — 20°) so the
equation to solve becomes

1
cos(z —20°) = 3
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This has solutions with x — 20° in the 1st and
4th quadrant.

x —20° = 60° x — 20° = 360° — 60°
x = 80° x —20° = 300°
x = 320°

31. sinz cos70° + cosxsin 70° = 0.5
sin(x + 70°) = 0.5
This has solutions for x + 70° in the 1st and 2nd

quadrant.
x4+ 70° = 30° x4+ 70° =180 — 30°
x = —40° x4 70° = 150°
x = 80°

Exercise 3C

1. cosA = —% (by Pythagoras, and given that A is

in the 2nd quadrant) and tan A = —%.

(a) sin2A = 2sin A cos A

3 4
:2 . —_—
*5% 75
Y
%

(b) cos2A =2cos> A —1

2
:2x<4> -1
5

7
25
(Alternatively, once you’ve found sin 2A use
Pythagoras to find cos2A.)
2tan A
1 —tan? A

(c) tan2A =

2. Think of the right-angled triangle with sides 5,
12 and 13, but bear in mind that B is in the 3rd

quadrant, so we have sin B = —%, cosB = —12

13°

32. sin(z + 30°) = cosx

sin z cos 30° + cos x sin 30° = cos x

V3 1
—Ssinx + gcosx = COSZX

2
V3 1

—sinx = 5(308.%‘

2
V3sinz = cos
sinz
cosT
; 1
anr = —
V3
Solutions in 1st and 3rd quadrant.
x = 30° x = 180° + 30°
= 210°

(a) sin2B = 2sinBcosB

(b) cos2B =2cos?’B — 1
12
=2(-=)* -1
(1)
288 —169

169
119
169
sin 2B
cos 2B
120

119
(We could use the double-angle formula for
tangent, but since we have found sine and
cosine this is simpler.)

(c) tan2B =

3. (a) 6sinAcosA =3(2sinAcosA) =3sin2A

(b) 4sin2A cos2A = 2(2sin2A cos2A)
= 2sin(2 x 2A)
= 2sin4A
A 1

(c) singcosg = 5(281n§cos 5)

1 A
= §sin(2 X 5)

1
= §SinA
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4. (a) 2cos?2A — 2sin® 2A = 2(cos? 2A — sin? 2A)
= 2cos(2 x 2A)
= 2cos4A

(b) 1—2sin? % = cos(2 x %)
=cosA

(c) 2cos?2A — 1 = cos(2 x 2A)
= cos4A

5. V252 — 242 = 7. Think of the right-angled tri-
angle with sides 7, 24 and 25, but bear in mind
that @ is obtuse (so in the 2nd quadrant), so we

have sinf = cos B=—12

_5
132 13°

(a) sin26 = 2sinf cosf

=2X — X —%
25 25
_ 336
625

(b) cos20 =2cos’f — 1

2
2 X % —1
25

1152 — 625

625
927

T 625
sin 26

cos 20
336

527

(¢) tan26 =

6. 4sinzcosr =1
2(2sinzcosz) =1
2sin2x =1

in2r = =
SN 2T 9

This will have four solutions with 2x in 1st and
2nd quadrant.

2z = 30° or 2z = 180° — 30°

x =15° 2¢ = 150°
x=T75°
or

2z = 360° + 30° or 2z = 540° — 30°

2 = 390° 2x = 510°
x =195 x = 255°

7. sin2x 4+ cosz =0

2sinxcosx + cosx =0
cosz(2sinx +1) =0

10

The Null Factor Law gives:

cosx =0 or 2sinzx+1=0
r = +90° 2sinz = —1
. 1
sinx = —5
r = —30°
or x = —180° + 30°
= —150°
8. 2sin2x —sinxz =0

4sinxcosx —sinz =0

sinz(4dcosx —1) =0

The Null Factor Law gives:

sinx =0 or 4cosx—1=0
z=0° 4cosr =1
or x = 180° cosT =
or x = 360° x =75.5°
or x = 360° — 75.5°
= 284.5°

9. 2sinxcosx = cos2x
sin 2x = cos 2z

tan2x =1

This will have 4 solutions (since tan 2z has a pe-
riod of § and we want solutions for 0 < x < 2m)
in the 1st and 3rd quadrant.

2x—% or 2x:7r+£
s 51
Tr= — -
8 4
51
Tr=—
8
or 2x:27r+g or 2x:37r+%
_97r _1377
4 4
97 137
r=— r=—
8 8
10. cos2x+1—cosx =0

2co82z—1+1—cosz=0
2cosz —cosz =0

cosz(2cosx —1) =0
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The Null Factor Law gives:

cosz =0 or 2cosx—1=0
xzz 2cosx =1
2
R 1
orer = — cosx = —
2 2
T
= —
3
01r3v:27r—E
3
5w
3
11. cos2x +sinx =0

1—2sin’*z +sinz =0
2sin’z —sinz —1=0
(2sinz + 1)(sinxz —1) =0
The Null Factor Law gives:

2sinz+1=0 or sinz—1=0
2sinx = —1 sinx =1
. 1 s
sinz = —— = -
2 T
T
r=——
6
+7T
or r=-mT+ —
6
_ %
6

12. We can easily express sin? z and cos 2z in terms
of either sine or cosine but cos z is not as readily
changed to sine, so we’ll go with cosine. (In this
case it turns out not to really matter, but it’s still
a good principle.)

2sin? z + 5cosz + cos 2z = 3
2(1 —cos® ) + 5cosx + (2cos?z — 1) = 3

2—2cos?z +5cosx+2cosx —1=3

1+5cosx=3
S5cosx =2
cosx = 0.4

The display given provides the prime (first quad-
rant) solution to this:

r = 66.4°
There will also be a solution in the 4th quadrant:
z = 360 — 66.4 = 293.6°

As we continue up to 540° we pass through the
1st quadrant again and find the third solution:

x = 360 + 66.4 = 426.4°

13. L.H.S.:
sin2ftan@ = 2sin 0 cosf x sin
cosf
= 2sin%6
= R.H.S.

11

14. L.H.S.:

cos 0sin 20 = cos 6 x 2sin 6 cos 6
= 2sinf cos’ f
= 2sinf(1 — sin” 0)
= 2sinf — 2sin® 0)
=R.H.S.

15. L.H.S.:

1 —cos260
14+ cos20

1—(1—2sin?0)
14+ (2cos?26 —1)
1—1+2sin%0
1+2cos260—1
2sin% 0

2cos? 0

sin? 0

cos2 6
= tan40

=R.H.S.

16. L.H.S.:

. 0 . sing
sin @ tan — = 2sin — cos — X 5

2 cos 5
50

= 2si —
S11 2

0

= 2(1 — cos?® =
(1 — cos 2)
:2—2(:052€

= R.H.S.

O

17. Although the R.H.S. looks more complicated, it
will probably be easier to expand the left hand
side than work out how to get a multiple angle
function out of the right hand side. L.H.S.:

sin 40 = 2 sin 26 cos 20
= 2(2sin f cos 0)(cos? O — sin” 0)
= (4sin @ cos)(cos® § — sin? 9)
= 45sinf cos® § — 4sin® f cos 0

=R.H.S.
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18. L.H.S.:

2sinfcosf —sind
1—cosf+ (2cos26 —1)
sinf(2cosf — 1)
2co0s? 6 — cos 0
sinf(2cosf — 1)
cosf(2cosf — 1)

sin 0

cos 6
= tané

=R.H.S.

sin 20 — sin 0 B
1—cosf+cos20

Exercise 3D
1. To obtain the form a cos(f + «) we need to rear-

range our expression so it looks like the expansion
of this:

acos(f + ) = a(cosf cosa — sin fsin )

V32 4+42=5
3cosd —4sinf =5 (gcosé)— gsin0>

= 5(cos 6 cos a — sin 0 sin «v

giving cosa = £ and sina = z:

a=cost = =53.1°

ol W

hence

3cosf —4sinf = 5cos(f + 53.1°)

2. V122 452 =13

12cosf — 5sinf = 13 Ecosef isintﬁ)
13 13

= 13(cosfcosa —sinfsin

. =4
and sina = =%

12 .
13°

giving cosa = 33

a = cos™t E = 22.6°
13

hence

12cosf — 5sinf = 13 cos(6 + 22.6°)

12

19. L.H.S.:

cos40 = 2cos? 260 — 1
= 2(cos260)? — 1
=2(2cos? — 1) — 1
=2(2cos?f — 1)(2cos?f — 1) — 1
=2(4cos?h —4cos’H+1) -1
=8cos'f® —8cos?h+2—1
=8cos*f —8cos?f+1
=1—8cos’# +8cos’ 0
=R.H.S.

3. To obtain the form a cos(f — o) we need to rear-
range our expression so it looks like the expansion
of this:

acos(f — «) = a(cos b cos a + sin O sin a)

VA2 132 =5

4
4cosf +3sinf =5 <cost9+ isinﬁ)

5
= 5(cos  cos a + sin O sin @)
.. . _ 4 - 3.
giving cosa = ¢ and sina = §:

4
-1
= - =0.64
a = cos 5
hence

4cosfh+ 3sinf = 5cos(f — 0.64)

4. V724242 =25

24
7cosf + 24sinf = 25 (7 cosf + sin@)

25 25
= 25(cos 0 cos o + sin 0 sin )
giving cosa = % and sina = g—g:

7

-1

= — =1.29
« = cos 55

hence

7cos O + 24 sin 0 = 25 cos(0 — 1.29)

5. To obtain the form asin(d + o) we need to rear-
range our expression so it looks like the expansion
of this:

asin(f + a) = a(sin f cos @ + cos f sin )
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V52 4122 = 13

5 12
5sinf + 12cosf = 13 <sin9+ cos@)

13 13
= 13(sinf cos @ + cos O sin )
o . _ 5 . _ 12'
giving cosar = 3% and sina = 13

5

-1 o
« COS 1 6
hence

5sinf + 12 cos @ = 13sin(f + 67.4°)

6. V724242 =25

24
7sinf + 24 cosf = 25 <7sin9—|— cos&)

25 25
= 25(sin # cos a + cos O sin @)
giving cos o = 2—75 and sina = %:

7
-1 o
- S - 73-7
« COS 25

hence

Tsinf + 24 cos§ = 25sin(f + 73.7°)

7. To obtain the form asin(f — a)) we need to rear-
range our expression so it looks like the expansion
of this:

asin(f — o) = a(sin 6 cos o — cos O sin )
VR 325
4
4sinf —3cosf =5 (5sin9 — gcost9>

= 5(sin f cos & — cos 0 sin )

giving cos o = % and sina = %:
4
o =cos™! 5= 0.64

hence

4s8inf — 3cosf = 5sin(f — 0.64)

Miscellaneous Exercise 3
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v
Read solutions off the graph as shown.

13

8. V22 432 =113

2
2sinf — 3cosb = \/E(\/ﬁsine— \/?)rgcose)

= V/13(sin  cos o — cos 0 sin o)
2 3.

V13 V13’

giving cosa = and sina =

a2
o = COS =0.98

Vi3

hence

2sinf — 3cosf = v/13sin(h — 0.98)

V12 +12 =42

cosf +sinf = V2 (\}5 cos 6 + %sin&)

= V2(cos 0 cos a + sin 0 sin «v)
1

V2

9. (a)

giving cosa = and sina = %:

2

1

o = COS~

T
4

Sl

hence

cosf + sin @ = /2 cos (9— %)

(b) The maximum value of V2 cos (9 — %) is /2
(its amplitude) and occurs when

cos(@—z)_l
9—%:0

2. Read the answer for (a) directly from the graph.
For (b), read the period directly from the graph.

. 4——2
Amplitude==5-= = 3.
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3. la| = [b|
12+p2:52+52
1+ p? =50

p? =49
p==x7
+(2i—-3j)=a

c=({+7j) — (21— 3j)
c=(1-2)i+ (74 3)j
c=—i+10j

or ¢c=—i—4j

—0.53 will have solutions in the 3rd

and 4th quadrants: two solutions for each full

cycle of the sine graph. Thus in the interval
—360 < z < 360 we will have four solutions:

4. sinz® =

e = —32 (4th quadrant)

o z = —180+ 32 = —148 (3rd quadrant)
e =180+ 32 = 212 (3rd quadrant)

e z =360 — 32 = 328 (4th quadrant)

5. Beginning with the Left Hand Side as most com-
plicated (even though it is shorter):

cos 30 = cos(20 + 6)
= cos 20 cos § — sin 20 sin 6
= (2cos? 0 — 1) cos @ — (2sinf cos ) sin @
=2cos®f — cosf — 2sin @ cos §
= 2cos § — cos ) — 2(1 — cos? ) cos
=2co0s> 0 — cos — (2 — 2cos? 0) cos §
=2cos®f — cosh — (2cosf — 2 cos> 0)
=2c0s® 0 — cos — 2cosf + 2cos> 0
=4cos® 0 —3cosh
= Right Hand Side

1 247
z 1—-1

1—1

2+ 7i

1—1 2-Ti
TorT f2-n
(1—i)(2—-T7)
(2+7)(2 - Ti)
2 —7i— 2i+ T7i2

22 — (7i)2
2-9i—7
4 — 4942
—5—0i
4449
_ —5-0i
53

5 9,

i
93 93

14

(a4 bi)*> =5 —12i
a’® + 2abi — b2 =5 — 121
a? —b% + 2abi =5 — 12i

2ab = —12
6
h=—=
a
a2 —b>=5
6
2 2
—(—=)?=5
a® = (=)
36
2 _
a 7017—
a* — 36 = 5a®

a* —5a* — 36 =0
(a? = 9)(a® +4) =0
If we now apply the null factor law we should be

able to see that a? + 4 = 0 has no real solutions,
SO

a’>-9=0
a’=9
a==3

Now substitute back to find b:

So we have either a = 3, b = =2 or a = —3,
b = 2. (Given the square in the original problem
we should have expected to get a pair of solutions
like this where one is the opposite of the other.)

(a) p+q=2-3i+5+1i
=7-2i
2 —3i
(b) Pra= 5
_(2-3i)(5-1)
— (5+1)(5—1i)
_ 10—2i—151—3
- 25+ 1
71T
26
717,

= i
26 26

. Given z = a + bi then z = a — bi.

z+2Z=9+45i
a+bi+2(a—bi) =9+ 5i
a+ bi 4+ 2a — 2bi = 9 + 51

3a —bi =9+ 51
a=3
b=-5



Miscellaneous Exercise 3

22% — 52% +8r — 3
= (pr — q)(z* + 72 +3)
= px® 4 pra? + 3pz — gz — qrz — 3q

10. (a)

=pz® + (pr — ¢)2* + (3p — qr)z — 3q
Equating like terms:

2x3=px3
p=
-3=-3q
qg=1
522 = (pr — q)a?
—5=pr—gq
=2r—1
2r—1=-5
2r = —4
r=-2

check: 8z = (3p —qr)x
3p—qr=3x2—-1x-2
=38
(b) Substitute p, g, to obtain a factorization:
22 — 52% + 8z — 3 = (2z — 1)(2* — 22 + 3)

then use the null factor law:

20 —-1=0
1

T =

2

or 22—-22+3=0

2+ /(22 -4x1x3
v 2% 1
2+/-8

2
2+ /8i
2
2+ 2/2i

2
=142
orm:l—\@i

11. In the 1st quadrant we obtain

+7r T
T+-— ==
4 3
T 7
r=—-—-—
3 4
T
12
In the 2nd quadrant:
Jr7T 2
T+ - =—
4 3
2r 7w
r=———
3 4
_ 8 —3m
12
_57T
12

15

12. ki sin 20 = 2sin® 0
2k sin 6 cos § = 2sin” 6
2k sinf cosf — 2sin? 6 = 0
2k sinf cos — 2sin® 6 = 0
2sinf(kcosf —sinf) =0
sin@(k cosf —sinf) =0

sinff =0 or kcosf —sinf =0

0=0 kcos@ = sinf
orf=m sinf = kcos6
or 0 =27 tanf = k
0=p
ord=m+p
D
Y1 s
| Ie
13.
«
A - C

1 x :

Z/AEB is complementary to a (angle sum of a
triangle).

/BEC is complementary to ZAEB

. /BEC Z «
; x
ano = —
EB
x
EB =
tan o
_ rcosa
~ sina
T
tan g =
b y+ EB
+EB= —
Y ~ tanf
x
= — EB
4 tan (3
rcos(3 xcosa
Yy=— -
sin 8 sin a
__xsinacosf  zcosasinf
"~ sinasinf sin acsin 3
__xsinacos 8 — xcosasin
- sin arsin 3
_ z(sinacos 3 — cos asin 3)
N sin asin 8
_ wsin(a — )
sin o sin 8 0
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